A well-known problem in finance is the absence of a closed form solution for volatility in common option pricing models. Several approaches have been developed to provide closed form approximations to volatility. This paper examines Chance's (1993) model, Corrado and Miller's (1996 model and Bharadia, Christofides and Salkin's (1996) model for approximating implied volatility. We develop a simplified extension of Chance's model that has greater accuracy than previous models. Our tests indicate dramatically improved results.
Introduction
In common option pricing models, a closed form solution does not exist to implied volatility. Several approaches have been developed to provide closed form approximations to volatility. Recently, Chance (1996) developed and tested a model to approximate the implied volatility of an option using a closed form equation. Chance's model is relatively simple and rather accurate for near the money options.
One of the problems with Chance's model is that it requires the price of an at-the-money option. Thus, the user must input not only the standard option pricing variables (the strike price, the risk free rate, the time to expiration, the price of the underlying asset, and the option price), the user must also provide the price of another option (an at-the-money option) in order to provide a "starting point" for the model's estimation techniques.
Section 2 of this paper reviews Chance's model and provides an extension that is simpler and much more accurate. Corrado and Miller (1996) and Bharadia, Christofides and Salkin (1996) also derive models to approximate the implied volatility of an option. Unlike Chance's model, Corrado and Miller's model and Bharadia, Christofides and Salkin's model do not require the input of an "extra" option price and therefore rely only on the five standard variables (the strike price, the risk free rate, the time to expiration, the price of the underlying asset and the option price).
Both of these models, however, lack the precision of the Chance model. Additionally, in the Corrado and Miller model the formula for implied volatility is not defined over all reasonable ranges. Section 3 of this paper reviews Corrado and Miller's model and performs a minor modification so that the formula is defined for all reasonable ranges.
The Bharadia, Christofides and Salkin model is a highly simplified volatility approximation model. Section 4 reviews and tests that model. The final section summarizes the study and discusses conclusions. Chance (1996) derived a model to estimate the implied volatility of an option price. This section reviews his model and develops an extension that dramatically simplifies his model and improves its accuracy. We will refer to the option whose volatility is being approximated as the target option.
The Chance model
The first step in approximating the implied volatility of this target option is to find a starting guess of the volatility. In Chance's model, in effect, the starting volatility value is derived from an at-the-money option price using the BrennerSubrahmanyam (1988) approximation formula. The Brenner-Subrahmanyam formula is a very simple, closed form approximation of the volatility of an at-themoney option where at-the-money is defined as having an underlying asset price equal to the present value of the strike price.
Chance begins with an equation that illustrates that the true call price, c, is equal to the price of the at-the-money-call, c*, plus the difference in price caused by differences in their exercise prices and volatilities:
Chance then performs a second order Taylor Series expansion around the atthe-money option allowing both the volatility and the strike price of the target option to differ from the at-the-money option. where X is the strike price, u is the volatility and the superscript * refers to at-thediscounted-money values. The above second order equation is then solved using the quadratic equation to produce an estimate of the implied volatility of the target option. Chance demonstrates the solution in the form of the quadratic equation:'
where:
The partial derivatives above are shown by Chance to depend on the values of the at-the-money option. Thus, Chance derives an estimate of volatility based on at-the-money values and the change in the exercise price. Chance demonstrates that this approximation produces reasonably accurate results for options that are reasonably close to being at-the-money. Chance's (1996) paper. Chance uses his model to estimate the implied volatility of 52 hypothetical options that differ by expiration date and strike price. The true volatility of each option is set equal to 0.41 and is compared with the model's volatility estimations to test the model's accuracy. Throughout this paper the underlying option pricing model is the Black-Scholes (1973) option pricing model for calls.
As discussed above, Chance's model requires the input of an option price (an at-the-money option) in addition to the price of the target option. For Table 1 of his paper, Chance assumes that the at-the-money option has a true volatility of 0.35 and approximates its volatility using the Brenner-Subrahmanyam (1988) approximation formula. Chance then uses the estimated implied volatility of the one year atthe-money option (0.348) and a second order Taylor Series expansion to approximate the volatilities of the 52 hypothetical options. If Chance's model were perfect, all of the estimated volatilities reported in his Table 1 would be 0.41. The accuracy of the approximation technique is measured by the closeness of the estimated volatilities to the true volatility of 0.41. Chance's Table 1 Table 1 Approximation errors: Chance model Each entry represents the estimation error: the difference between the true volatility (0.41) and the model's estimate of volatility. The starting point volatility for each entry in the Table is approximately 0.348. This is the implied volatility from the Brenner-Subrahmanyam formula using a one year at-thediscounted-money ($95.21) call option with a true volatility of 0.35, a strike price of $100, an interest rate of 5% and a price of $13.21. Volatility estimates are taken from Table 1 In order to develop an objective measure of accuracy, we computed the approximation error for each volatility in Table 1 of Chance's paper and computed the mean of their absolute values. This measure provides an indication of the average amount by which the approximations erred. In Table 1 we report the values of having subtracted the approximations from 0.41 to express the value of the errors directly. For example, the entry in the upper left hand comer of Table 1 indicates that in the case of an option with a strike price of $70 and 0.25 years to expiration, the Chance model underestimates the true volatility (0.41) by 0.1115. Table 1 of Chance's paper indicates a volatility approximation of 0.2985 for this option, an error of 0.11 15 from the true volatility of 0.41. Table 1 averages the absolute values of the approximation errors by row, by column and by matrix. These averaged absolute errors are a heuristic measure of the accuracy of the model. As seen in Table 1 of this paper and as noted by Chance, Chance's model is highly accurate for near-the-money options and has reduced effectiveness for options far from the money. The equally weighted grand mean of the absolute values in Table 1 is 0.0202 and reflects a crude estimate of the average error of the approximation.
In Table 1 the greatest approximation errors are for short term options that are far from the money and therefore have rather low vegas (the derivative or sensitivity of the call price with respect to volatility). The equally weighted mean of errors reported above is dominated by the large approximation errors that tend to be associated with the low vega observations. Therefore, Table 1 also reports a vega weighted grand mean of the absolute values of the approximation errors. The weight of each observation is directly proportional to the observation's vega. The vega was computed using the true volatility of each observation (0.41). The vega weighted mean is about one third lower: 0.0132.
Next, we extend Chance's model with one very important modification. Chance uses as his base case the at-the-money option. His Taylor Series expansion estimates the change in volatility that would explain the difference between the price of the option of interest and the at-the-money option. Given that differences in the strike price as well as the volatility can account for differences in these two option prices, his Taylor series expansion is in two variables, the strike price and the volatility. Our approach is simpler. We take for starters the implied volatility of the at-themoney option, using it to price our option and establish a base case option value. We then perform the Taylor series expansion with only the volatility. As we shall show, not only is this easier, but it gives better results.
Letting u* now represent the implied volatility of the at-the money option, obtainable from the Brenner-Subrahmanyam formula, and c* be the price of our option obtained using the implied volatility of the at-the-money option, we have:
Here Ac* is the actual option price minus the price obtained using the at-themoney implied volatility. This is the distance we need to travel by altering the volatility from the at-the-money volatility. This is a much simpler quadratic equation than the one used by Chance as it has three fewer terms. It essentially can be viewed as a second-order Newton-Raphson search that automatically stops after the first step. In comparison, Chance's method requires that we estimate the effect of the exercise price difference, when in fact, we can capture that effect precisely. We need only an at-the-money option and the use of the Brenner-Subrahmanyam formula:
where catm is the price of the at-the-money call. The formulas for the first and second derivatives with respect to volatility are shown in the Appendix.
As an example, consider a case used by Chance: S = 95.12, X = 70, r = 0.05, T = 1. The at-the-money option has X=lOO (95.12 = present value of 100) and a price of 13.21. Its implied volatility using Brenner-Subrahmanyam's formula is 0.3481 14. We wish to find the implied volatility of a call that has an exercise price of 70 and is priced at 31.9521. The solution we seek is 0.41.
Using the at-the-money implied volatility, the call struck at 70 is priced at 30.715. Note that even at the wrong implied volatility, we are already quite close to the option price. The difference, which is our Ac*, is 31. This extension produces a dramatic simplification and should produce improved accuracy since the estimation is taking place closer to the true values. We test the accuracy of this simplification by replicating Chance's test. We tested our extension in a manner analogous to Chance's test reported above. All of our one variable Taylor Series expansions are performed from the Brenner-Subrahmanyam starting point (in this case a volatility of 0.348). Our results are shown in Table 2 in a format analogous to Table 1. The equally weighted approximation error falls by over 98%, from 0.0202 to 0.0003. The vega weighted mean error also drops by over 98%, from 0.0132 to 0.0002. Thus, the model derived in this paper provides a much simpler and much more accurate extension to Chance's model. However, this simplified model, like Chance's model, still requires the input of an "extra" option price --the price of the at-themoney option to provide a starting point to the formula. In the next section, we review the model of Corrado and Miller that does not require an additional option price.
The Corrado-Miller model
As discussed above, a potential limitation of the Chance model is that it requires that the user know or be able to approximate reasonably the value of an at-themoney option. The purpose of the at-the-money option price is to provide an initial starting point for the search. Corrado and Miller (1996) reported a model that estimates implied volatility without requiring an option price other than the price of the target option. Corrado and Miller's model is an extension of the BrennerSubrahmanyam formula. Corrado and Miller develop and test a formula for implied volatility given in their paper as Equation 10 and reproduced below:
where X represents the discounted strike price. Corrado and Miller then empirically demonstrate their model's accuracy for several actual option prices. One problem with Corrado and Miller's model is that it includes a square root term that in some cases does not have a real solution. Specifically, for short term options that are very substantially away from the money, the formula requires the square root of a negative value. This is a serious limitation since the user can not be sure if the formula will produce an error, although the problem is unlikely to occur for reasonable parameters.
The square root term on the right hand side of the above equation sometimes has a negative argument. We modified Corrado and Miller's formula by replacing the square root with a term that keeps the formula defined for all ranges. Specifically, when the formula called for the square root of a negative number, we substituted zero. Otherwise we used the square root from the formula.
We test the accuracy of the Corrado-Miller model, including our minor modification by replicating Chance's methodology. We used the modified Corrado-Miller model to estimate the same options as in Table 1 of the Chance paper. Our results are shown in Table 3 in a format analogous to Tables 1 and 2. The equally weighted error measure is 0.0241 compared to 0.0202 for Chance's model and 0.0003 for Table 3 Approximation errors: modified Corrado-Miller model Each entry represents the estimation error: the difference between the true volatility (0.41) and the model's estimate of volatility. The formula requires a call option price, a strike price and an underlying asset price. The call option price for each entry is the price of a call option with a volatility of 0.41, an interest rate of 5% and an underlying asset with a price of $95.21 (and other variables as indicated). Table 3 were the same cases for which the original Corrado-Miller Model fails to produce real solutions (short term options very far from the money). However, it should be noted that the results in Table 2 (the modified Chance model) are far more accurate than the results in Bharadia, Christofides and Salkin (1996) derive a highly simplified volatility approximation model as shown:
Where 6 = (S -X)/2, c is the call price, S is the stock price and X is the discounted strike price. Bharadia, Christofides and Salkin demonstrate the accuracy of their formula relative to the formula of Manaster and Koehler's (1982) technique and the formula of Brenner and Subrahmanyam (1988) . Table 4 repeats this paper's empirical test analogous to Tables 1 through 3 using Bharadia, Christofides and Salkin's model. As would be expected from such a simplified model, the approximation errors are generally much larger than from the more complex models reported in Tables 1 through 3. The equally weighted approximation error in Table 4 is 0.0836 compared with 0.0003 from Table 2 . The vega weighted mean error in Table 4 is 0.0565 compared with 0.0002 in Table 2 .
Conclusion
Implied volatility can be easily calculated using an iterative searching technique. However, to simplify some applications such as spreadsheets, it may be useful to have a closed form approximation solution if that solution is reasonably simple, accurate and valid for a wide range of cases.
Chance's model, especially as extended in this study, is relatively simple and accurate for most cases. Corrado and Miller's model offers the potential advantage of not requiring additional information (for example, the price of an at-the-money option). However, this requirement is not very demanding and would nearly always be met. In fact, the only true requirement of Chance's model and our extension of the Chance model is that there be a reasonable estimate of volatility to serve as a starting point to the approximation.
The Corrado-Miller model's performance is substantially diminished for nearly all cases and tremendously diminished in extreme cases (i.e., short term and far out-of-the-money). The Corrado-Miller model's most potentially serious difficulty is that its solution is imaginary in extreme cases. Bharadia, Christofides and Salkin's model for approximating implied volatility is highly simplified but far less accurate.
Iterative techniques to solve for implied volatility include the approach of Manaster and Koehler (1982) . However, the cost and inconvenience of iterating motivate the search for closed form approximations. Therefore, for options relatively near the money, the extended Chance model developed in this study offers a relatively simple and accurate approximation.
